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Kuwait University
Department of Mathematics and Computer Science

Math 102 : Calculus IT Summer Semester 2009 In-Term Test 2

ANSWERS

1. The limit is of indeterminate type 1%, So consider the limit of the natural logarithm
of the function, Le.

In{e® — 2arctan )

lim In[(e® — 2arctan :r')l-‘lx] = lim
z—0+ x—0+ r

This is of indeterminate type 0/0.

. d[ln(e® — 2arctan x)]/dx . 1 = 2
lim : : = lim ot —
a0t dx/dr z—0+ €T — 2arctan x 1+ x2
_ 1 0 2\ _
T P20\ T 1+02) "
Hence, by 'Hospital's rule,
. In{e®™ — 2arctanx)
lim =—1.
x—+07F T
Answer:
lim (° —2arctanz)¥® = e L.
a—+0+
2,
2z —2z £ —
lim (sinh 2z — e* coshx) = lim ( — e s )
T—roo T—+oa ) 2
= —e -1 —0-1_ 1
= Jim =g e
3.
2p3 4 8r — 1 _ 5 272 — 10z —1 5 22 — 102 —1
w3421 = 7 34222 —-1" " (z—1)(z+1)2
A B &

for some numbers A, B and .
4. (a) Integrate by parts with

u=sec T and dv=adr



d . L a
Wt=——-——dr and v=—
E_rm 2
Then
2 2
ssiges ik R - T SO
./vr:.sec vidr = sec g / 2 o .1.'—1d1I
2z
Ha -1 1 4
= —gec &r—— d‘r
2 ve 4 r—1
2 1

g vr—1
x2 2 -
= L geer Vo E o | S = N L -1 YR L8
2 3
22

(b) Split the integral into three parts.

f tan® rsec® xdr = /.[l[se-':2 x — 1) sect 2] sec z tan o do = f[-teg — Dt du

1 - 1
= /(uﬁ —ut)du= $u‘ - ;'::'5 + ' where u = secux.
5

i . 1 —cos?w | 1—u?
—tanfasing)dr = —————singr | dr = — du
2 2
! ! coad 1 i

/[-u_2 —1ldu=—u'—u+C where u=cosz.

/4 sinedr = fﬂ[l —cos2r)dr = 20 —sin 2z + C.
Answer:
f{t-ang rsec® r — tan? zsinz + 4sin® z) dz

1 5
= —sec'x— r—ser_"E‘ r—secxr —cosx + 2r —sin2x + O,
fi H}

(c¢) Completing the square, 22 — 62 + 5 = (r — 3)2 — 4. Substitute » — 3 = 2secf.

So V22 —Gxr+ 5 =2tanf. © = 3+ 2sech, and dr = 2secd tanf df. The integral

hecomes
Qe — s 25 —
Ldm = /M D gee ftan f#dl
J Vel —6z45 2 tan ff
= /(Ssecrﬁ' + 4sec? f) d

= OGln|sect +tanf| + 4tanf + C.

Redefining the constant of integration gives

2r—1 ;
- dr =51n ‘: — 34+ —6z4+5

_ + 22?2 —br+5+C.
; ‘\/J.’E —Gr 45




(d)

—
o]

The partial fraction decomposition of the integrand is

A 4 Bx+C
r—2 2242r+10

for some numbers A, B and €. Necessarily,

#2414 = A(x?+204+10)+ (Br + C)(z - 2)
(A4 B)z? + (24 —2B + C)z + 104 — 2C.

Equating coeflicients gives

A+B=1 A=1
2A-2B+C =0 = B=10
104 —-20 =14 C=-2

So the integral becomes

] 1 2
— dr
z—2 2242r4+10

Substitute » = v~ 12, So de = —12u3 du. Then

2
= ln|z-2|- 3 arctan

2

111|m—2|—/mdw

r+1
(1)

1 — 1913 -1
]7@ - ]70; :12]7@
zy/ -1 w1242 1 V1 — 2

= 12arccosu+ C' = 12arccos(z~412) + C.

An alternative answer is —12arcsinu +C = —12 arcsin(:c_mz) + . Alternative
substitutions are 2 = u!? leading to 12sec ™ u+C or —12ese L u+C with u = ¥,
or, # = (u? +1)° leading to 12 arctan u+C or —12cot™ w4+ C with u = /Fx — 1.

(f) Use the Weierstrass substitution ¢ = tan(z/2). So sinz = 2¢/(1 4+ #?) and dx =

[2/(1 4 t2)] dt. Then

14+ 2tan(x/2) d 1+2¢ 2 gt
—_—ar = - . =
sinz + 2 2/ (1+12)+2 14142

= W(?+t4+1)+C
= In[tan®(x/2) + tan(x/2) + 1] +

2t +1
—dt
/t2+f+1

C.





